In this article, we investigate the local and global stability conditions of equilibrium points of discrete-time dynamic model with and without Allee effect. We conclude that the Allee effect decreases both the local stability and the global stability of equilibrium points of the population dynamic model. The results are confirmed with a numerical simulation. MSC: 39A10; 39A30
Introduction
It is well known that the Allee effect plays an important role in the stability analysis of equilibrium points of a population dynamics model (see, for instance, [-]). The Allee effect, first introduced by Allee [] in , represents a negative density dependence when the population growth rate is reduced at low population size. It may be due to a number of sources including difficulties in finding mates, inbreeding depression, food exploitation, predator avoidance of defense, and social dysfunction at small population sizes.
Real-world problems can be solved by examining the models created via differential or difference equations. The population models in ecology and biology are generally confirmed by such equations (see, for instance, [, -]). To examine the dynamics of the population requires stability analysis. For local asymptotic stability, solutions must approach an equilibrium point under initial conditions close to the equilibrium point. In global asymptotic stability, solutions must approach to an equilibrium point under all initial conditions. The global asymptotic stability has been investigated in (see, for instance, [-]). Since a globally attractive equilibrium point is locally attractive, a globally asymptotically stable equilibrium point is locally asymptotically stable. Also, if the function is continuous, global asymptotic stability and global attractiveness are equivalent. In this study, we are not concerned with global attractiveness, which is derived with the help of solutions of the equation. The purpose of this paper is to investigate the local and global stability of an equilibrium point analytically with and without Allee effect and to compare the stability of these models. Therefore, this article exposes the impact of the Allee effect on the local and global stability of an equilibrium point in a nonlinear discrete-time population model. The positive equilibrium point of the model which is subject to an Allee effect can become either one of destabilization (see, for instance, [, ]) or of stabilization ©2014 Ak Gümüş; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.advancesindifferenceequations.com/content/2014/1/299 (see, for instance, [, , , ]). Namely, the local stability of a positive equilibrium point can be changed from the stable case to an unstable case or vice versa. It is also possible that even if the model is stable at an equilibrium point, to reach its equilibrium point may take a much longer time. This case has been referred to in the statement that the ' Allee effect decreases the local stability of the equilibrium point' (see, for instance, [, , ]).
In [] , a linear population model depending on birth and death rates was introduced:
Here, N t is the population density at time t, and r (r =  + b -d) is a growth rate. Unfortunately, this model neglects many important aspects of biological reality, since most of the parameters connected to the interactions among individuals are overlooked. Thus, nonlinear population models offer a more realistic approach than linear population models.
In this paper, we consider the following nonlinear discrete-time population model:
where f (N t ) represents interactions (competitions) among mature individuals, and r is the growth rate such that r ∈ (, ). The following assumptions are imposed on the function f :
, as the density increases, f decreases continuously. Biologically speaking, social dysfunction never increases as the population size increases. (ii) f () has a finite positive value. If the population model of () is subject to the Allee effect, the following nonlinear population model is used:
The function f satisfies the conditions (i) and (ii). Note that since r * >  is related to the The Allee effect disappears at high densities. Namely, the limit of the Allee function approaches  as the population size increases. The remainder of the article is organized as follows: Section  is concerned with a local stability analysis of the equilibrium points of () with and without Allee effect. In Section , we give a global stability analysis of the equilibrium points of () with and without the Allee effect. In Section , we present numerical simulations to corroborate our results. The final section is devoted to conclusions and remarks. http://www.advancesindifferenceequations.com/content/2014/1/299 2 Local stability analysis of (1) with and without Allee effect
We will begin by reviewing some definitions and theorems (see, for instance, []) which will be useful in our study of the stability analysis of ().
Definition  N
* is defined as an equilibrium point of () if the following equality holds:
Theorem  Let N * be a positive equilibrium point of ( 
Definition  m >  is defined as the period for () if
We will examine the local stability of the equilibrium point of () with and without the Allee effect. Assume that () and () have an unique positive equilibrium point N * . Namely, there is no equilibrium point except N * such that F(F(N * )) = N * .
We then obtain the following theorem.
Theorem  Let N * be a positive equilibrium point of () with respect to r. Then N * is locally stable if the inequality
holds.
Proof In light of (i)-(ii), we can say that F is a continuous function. The linearized form of () in a neighborhood of N * is given by
such that u t = N t -N * . By applying Theorem , we find that
Thus the inequality () is proved for f < . 
Proof From (i)-(v), we can say that F α is a continuous function. The linearized form of () in a neighborhood of N * is given by
By applying Theorem , we have
Here, r = r * α(N * ) and α(N * ) < . The second derivative of the function f is
Since f decreases, it is written
From this, we get the following inequality:
so that f (x) > . Let us consider the first and second derivatives of the function F α as follows:
We then obtain the following:
If the last inequality and inequality () are considered, then () is confirmed easily. http://www.advancesindifferenceequations.com/content/2014/1/299
Corollary  It can be seen from () and () that the Allee effect decreases the local stability of an equilibrium point of (). Namely, it is easy to see that the local stability of an equilibrium point of () is stronger than the local stability of an equilibrium point of ().
3 Global stability analysis of (1) with and without Allee effect
In this section, we will present the global stability analysis of an equilibrium point of () with and without Allee effect. We shall require the following global stability theorem and definition (see, for instance, []) for ().
Definition  N * is said to be globally asymptotically stable if it is globally attractive and locally stable.
Theorem  Let the function F at () be continuous such that F
: [, p) → [, p),  < p ≤ ∞, if  < F(N) < N for all N ∈ (, p),
then the origin is globally asymptotically stable.
Theorem  The equilibrium point N * is globally asymptotically stable if
Since f (N * ) <  from condition (i) with  < r < , we can write
Now, we must satisfy  < F l (u) for the global stability of the zero equilibrium point (origin) as follows:
It follows that  < F l (u) < u. By Theorem , the origin is globally asymptotically stable. Therefore, the equilibrium point N * of () is globally asymptotically stable. http://www.advancesindifferenceequations.com/content/2014/1/299
The Allee effect at time t
We will now consider the following nonlinear discrete-time dynamical system with Allee effect at time t, given by ():
According to the information, F α has a unique positive equilibrium point N * ∈ (, p).
Theorem  The equilibrium point N * of () is globally asymptotically stable if
], we have
Let us take F l,a = r + f (N * ) + 
Numerical simulations
In this section, we corroborate our results numerically by using Maple and Matlab. As an example, we consider 
Conclusions and remarks
This paper focused on the global and local stability analysis of the first-order discrete population models with and without the Allee effect, defined by () and (), respectively. Firstly, local asymptotic stability conditions were investigated for the equilibrium points of both models. Secondly, the global stability of the equilibrium points of the models was also evaluated. Finally, we compared the global and local stability of the equilibrium points of these two models. Consequently, the Allee effect decreases the local stability and the global stability of the equilibrium points of (). http://www.advancesindifferenceequations.com/content/2014/1/299
